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Abstract. We construct the Killing superalgebra of supersymmetric 
backgrounds of ten-dimensional heterotic and type II supergravities and 
prove that it is a Lie superalgebra. We also show that if the fraction 
of supersymmetry preserved by the background is greater than 1/2, in 
the heterotic case, or greater than 3/4 in the type II case, then the 
background is locally homogeneous. 
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1. Introduction 

One of the major problems in supergravity is to understand how super- 
symmetry shapes the geometry of classical solutions to the field equations. 
In other words, what is the geometry of a supergravity background which 
preserves a given fraction of the supersymmetry? Much recent work has 
gone into answering this question for supergravity theories in diverse di- 
mensions. For some of the supergravity theories in dimensions 4, 5 and 6, 
there is a more or less complete story [U [21 [3j HI [5] , whereas for the ten- 
and eleven-dimensional supergravities the story is far from complete. At the 
high end of the supersymmetry fraction, there is a complete classification of 
maximally supersymmetric backgrounds [6] as well as non-existence results 
[HI [U [10] for so-called preonic backgrounds [UJ [12] preserving a fraction 
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v = || . At the low end of the fraction, e.g., v = t^, local expressions for the 
metric and fluxes have been derived using the various interplays between 
Killing spinors and differential forms: either by considering the reduction 
of the structure group of the manifold brought about by the existence of 
differential forms built out of Killing spinors, the so-called "G-structure" 
approach of |13} E] , or else by thinking of spinors themselves as differential 
forms, in the so-called "spinorial geometry" approach of [T5 | [T6 | W7 \ [T8 | [T9] . 

A somewhat less ambitious aim is to find general properties of back- 
grounds preserving less than maximal but more than minimal fractions of 
super symmetry. One such property is local homogeneity. It was shown in 
|20j that M-theory backgrounds preserving a fraction v > | of the super- 
symmetry are locally homogeneous; that is, at every point there is a frame 
for the tangent space consisting of flux-preserving Killing vectors. This was 
proven by first constructing a Lie superalgebra (termed here the Killing 
superalgebra due to the nature of its construction, to be reviewed below) as- 
sociated to a supersymmetric M-theory background, along the lines traced 
in [2H E2 [231 E5 ESI ESJ E3 EEj and then investigating the dimension of 
the translational component of the image of the squaring map from Killing 
spinors to Killing vectors. 

In this paper we address this issue for the ten-dimensional supergravity 
theories, both type I (coupled to supersymmetric Yang-Mills) and type II. 
The paper is organised as follows. In ^5] we discuss type I supergravity 
coupled to supersymmetric Yang-Mills: the theory and the Killing spinors 
are discussed in £12.11 whereas the Killing superalgebra and the homogeneity 
of sufficiently supersymmetric backgrounds is discussed in §2.21 and §2.31 
respectively. In particular we show that the v c = | is the critical fraction 
above which local homogeneity is guaranteed. The more involved case of 
type IIB supergravity is discussed in §2J In §3. II we discuss the theory 
and Killing spinors, respectively. The Killing superalgebra is constructed in 
§3.2^ where we prove that this is indeed a Lie superalgebra. This requires 
checking that the Jacobi identities are satisfied. The only nontrivial identity 
is the odd-odd-odd identity, which is shown to hold in §3.2.21 making use of 
Fierz identities proven in Appendix [Cj The question of local homogeneity is 
addressed in §3.31 where we find, just as with M-theory backgrounds, that 
the critical fraction above which local homogeneity is guaranteed satisfies 
\ <:V C < |. Finally, in §31 we offer some concluding remarks and in particular 
show how to obtain results for backgrounds of type I and IIA supergravities 
from the known results for heterotic and eleven-dimensional supergravities. 
The paper contains three appendices. In the first, Appendix |Aj we set 
out our spinorial conventions and notations. The reader is urged to read 
this appendix first, at least to skim the notation. The second, Appendix ITU 
contains some of the calculations used in §3.2.11 Finally Appendix ICl collects 
the Fierz identities mentioned above. 



2. Heterotic supergravity backgrounds 

The field theory limit of the heterotic string [29J is ten-dimensional N=l 
supergravity |30j coupled to iV=l supersymmetric Yang-Mills [31]. This 
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theory was constructed in [32] generalising the construction in [33] for the 
abelian theory. 

2.1. Supersymmetric heterotic backgrounds. The bosonic fields in this 
theory are a ten-dimensional lorentzian metric g, the dilaton 0, the NS-NS 
3- form H and a gauge field-strength F. In heterotic string theory the gauge 
group is constrained, but we will work with arbitrary gauge group in what 
follows. The 3-form H is assumed to be closed in the supergravity limit; 
although this equation receives a 1 corrections. 

The equations of motion are obtained by varying the following action (in 
the string frame) 

I = j d 10 x^g-e- 2 * (R + 4|#| 2 - ±|#| 2 - ±|F| 2 ) . (1) 

The supersymmetry parameters are chiral spinors: they are real and have 
sixteen components. Killing spinors satisfy three equations, a differential 
equation coming from the variation of the gravitino, and two algebraic equa- 
tions coming from varying the dilatino and the gaugino, respectively: 

D m e := (V m - \H mnpl n v) e = 

Pe := {d m ^ m - ±H mnpl mn P) e = (2) 

Qe := \F mnl mn e = . 

The connection D is metric compatible but has totally antisymmetric tor- 
sion, given by H. As these equations are linear, the set of Killing spinors is 
a real vector space, denoted gi and of dimension 16^, where < v < 1 is 
the fraction of supersymmetry preserved by the background (M, g, (j>, H, F). 
A lot of progress has been made on the classification of supersymmetric 
heterotic backgrounds [HI [Ml H] • 

A Killing vector which preserves not just the metric but also (ft and H, and 
which preserves F up to a gauge transformation, is said to be an infinitesimal 
symmetry of the background. It is clear that they too form a vector space 
go- More is true, however, and as they close under the Lie bracket of vector 
fields, they form a Lie algebra. In the next section we will show that just as in 
the case of M-theory backgrounds, the vector superspace g = go © gi carries 
the structure of a Lie superalgebra extending the Lie algebra structure of 

00- 

2.2. The Killing superalgebra. In this section we construct a Lie su- 
peralgebra structure on the superspace g := go © 0i- The construction is 
well-known by now and has been explained in detail before [251 [20] . There 
are three components to the Lie bracket: the Lie bracket on go, given by 
restricting the Lie bracket of vector fields to the infinitesimal symmetries; 
the action of go on gi given by the spinorial Lie derivative [35], and the 
squaring of spinors, which gives rise to the bracket gi <8> gi — > go- 

We begin by showing that the vector field obtained by squaring a Killing 
spinor is an infinitesimal symmetry. 

The spin-invariant inner product on spinors has the following symmetry 
properties: 

ei7 ni "-^£ 2 = -(-l)P(f+ 1 )/ 2 e 27 ni -"fe 1 , 
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whence it is symmetric for p = 1, 2 (mod 4) and antisymmetric otherwise; 
although if £j are chiral spinors of the same chirality, this will vanish unless 
p is odd. 

Let e be a Killing spinor and let K m = e^ m £ denote its Dirac current. 
Since D m e = and D is a spin connection, it follows trivially that D m K n = 
0. Since D is metric-compatible, we can lower the index to obtain 

D m K n — V ' mK n -^HjnnpK^ — . 

Symmetrizing, we find that V m K n + \/ n K m = 0, so that if is a Killing 
vector, and antisymmetrizing we find that the contraction of H by K is 
exact: 

K p H pmn = (dK) mn . (3) 

In turn this shows that, since H is closed, J^kH = di^H = 0. Hence H is 
also left invariant by K. 

To show that <j> is also left invariant, we take the inner product of the 
dilatino variation Pe = with e. There are two terms: a symmetric term 
with one gamma matrix and an antisymmetric term with three. This latter 
term vanishes by symmetry, whence we remain with 

= ePe = d m <j>ej m e = K m d m <j) , 

which shows that K leaves <j) invariant. 

Finally we show that K leaves F invariant up to a gauge transformation. 
To do this we take the inner product of the gaugino equation with e after 
multiplying it with a gamma matrix, to obtain 

= ejnQe = F mn ej n e , 

after using that ej mnp e = by symmetry. The above equation says that 
the contraction of F by K vanishes, which implies that F is invariant up to 
gauge transformations. Indeed, 

££rF = di K F + i K dF = i K dF . 

Using the Bianchi identity dF = —[A,F], where A is the corresponding 
gauge field, and again the fact that %kF = 0, we see 

& K F = -[t K A,F] , 

which is an infinitesimal gauge transformation with parameter —%kA. It 
is always possible to choose the "temporal" gauge %kA = 0, in which F is 
truly invariant under K. 

In summary, we have shown that K is an infinitesimal symmetry of the 
background. Let us remark that by the standard polarization trick, the vec- 
tor £i7 m £2j for £i and Killing spinors, is also an infinitesimal symmetry. 

We now verify that the natural action of go on gi actually preserves the 
space of Killing spinors. As explained, for instance, in [20]. the bracket 
So ® 01 - > 01 is given by the spinorial Lie derivative [35] 

JSfre = K m V m e + \{dK) mnl mn e , 

where the sign in the second term is due to the sign in the Clifford algebra. 
For e a Killing spinor, 
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whence using (J3j) 

2 K e = lK m H mnpl np e . (4) 
We will now show that if e is a Killing spinor, so is ^£ke for all K G 0o- 
A standard property of the spinorial Lie derivative is that for any Killing 
vector K, 

j? K V X E = Vx&ks + V M e , (5) 
and the same is true for D in place of V provided that K also preserves H. As 
a consequence of this identity, the Lie derivative along K £ qq of a D-parallel 
spinor is again D-parallel. Furthermore, since K also preserves <j> and F (up 
to gauge transformations), the Lie derivative along K of a spinor satisfying 
the dilatino and gaugino equations — the second and third equations in (j2J), 
respectively — will again satisfy these equations. In summary, the spinorial 
Lie derivative defines a linear map Qo ® 01 ~~ 01- 

We now have defined each of the graded pices of the bracket (g> g — ► q 
and it remains to show that the Jacobi identity is satisfied. This identity 
breaks up into types: (0o,0o,0o), (0o,0o,0i), (0o,0i,0i) and (fli,0i,0i). 
All but the last are true for reasons which are more or less geometrically 
obvious: properties of the Lie bracket of vector fields and of the spinorial Lie 
derivative, as discussed in [25j[20]. The (0i,0i,0i) Jacobi identity usually 
has to be checked and this case is no exception. This Jacobi identity is 
equivalent to [e, [e,e]] = for all e G 0i. In our geometric realisation, this is 
equivalent to 

Jj?k£ = for all Killing spinors e, 

where K m = ej m e is Dirac current of e. Since, as we have seen above, 
DK = 0, it follows from equation Q, that all we need to show is that 

K m H mnp j np e = for all Killing spinors e. 

This identity can be proven by the following simple argument. Let us rewrite 
the left-hand side as 

lK l H mnp { ia mnp + l mnp li)e , 
which, using the dilatino variation Pe = 0, can be rewritten further as 

Since K m d m (j) = 0, we can further rewrite this as 

-2K £ 9 m 07 m 7^ + ±K e H mnpl mn P 7l e . 

which vanishes because K^^ie = 0. Indeed, since both e and K are covari- 
antly constant with respect to the connection D, it is sufficient to prove this 
at a point, where it can be seen to follow from representation theory alone, 
as explained in Appendix [Al 

2.3. Homogeneity of heterotic backgrounds. In [20] it is shown that M- 
theory backgrounds with enough supersymmetry are (locally) homogeneous. 
Indeed, there is a critical fraction ^ < u c < |, so that if v > v c then 
homogeneity is guaranteed. It is a natural question to ask whether the same 
holds for heterotic backgrounds. There are examples of half-BPS heterotic 
backgrounds which are of cohomogeneity one (see, e.g., [36]), hence we know 
that the critical fraction must satisfy u c > \. 
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Suppose therefore that we have a background with v > i. In particular, 
this means that the space of D-parallel spinors must have dimension d > 8. 
This means that the holonomy group of D must be contained in the subgroup 
of Spin(l,9) which fixes d > 8 linearly-independent spinors. The possible 
stabilizer subgroups of spinors come in two families [371 Ell CEl CE] , whose 
Lie algebras are 

spin(7) x R 8 D g 2 D su(3) D «p(l) 

and 

spin(7) x R 8 D su(4) x R 8 D sp(2) X M 8 

D (sp(l) ©sp(l)) x R 8 D sp(l) x M 8 D u(l) x M 8 D M 8 , 

along which the dimension of the subspace of invariant spinors increases from 
left to right: being 1 for spin(7) x R 8 and 8 for either sp(l) or R 8 , whence if 
d > 8 the holonomy algebra of D must be trivial, so that D must be flat. The 
same group-theoretical argument shows the kernel of the gaugino variation 
Q can be at most 8-dimensional, unless the gauge field is flat. Therefore if 
the space of Killing spinors has dimension > 8, F = 0. By the results of 
|34j the background must have constant dilaton and it follows from |38] that 
it must be locally isometric to a Lie group with a bi-invariant lorentzian 
metric, whence in particular it is locally homogeneous. We conclude that 
v c = g for heterotic backgrounds. 

It is natural to ask whether also here, as in eleven-dimensional super- 
gravity, homogeneity is a direct consequence of supersymmetry. In other 
words, whether at every point p £ M, there is a basis for T p M made out of 
vectors from [fli,0i]. The arguments in [20], §6.2] depend on the symplectic 
structure of the spinor representation, which is missing in the case of chiral 
spinors, but nevertheless a very similar proof works after some modification. 

Let us fix a point p £ M once and for all. The fibre of the spinor bundle 
at p can be identified with the chiral spinor representation S+, whereas the 
values at p of the Killing spinors define a subspace W <Z S + . The squaring 
map defines a map <I> : W <g> W — > T p M and we would like to show that 
this map is surjective for W of sufficiently high dimension. To show that $ 
surjects onto T p M, it is enough to show that the perpendicular complement 
of its image vanishes. A tangent vector v E T p M is perpendicular to the 
image of <3? if and only if for every £1,62 £ W, 

V m EiJ m E 2 = . 

In other words, Clifford multiplication by v maps W to a subspace of S- 
which corresponds to its annihilator W° under the natural isomorphism 
S_ = explained in Appendix S The existence of ^-BPS heterotic back- 
grounds which are not homogeneous says that, if there is a critical dimension 
for W above which surjects, this dimension is > 8. Therefore without loss 
of generality we take dimW^ > 8. Since dimVF + dimVF = 16, it follows 
that dim W° < 8 and hence the map W — > W° defined by the Clifford action 
of v has nontrivial kernel for dimensional reasons. Since v 2 = \v\ 2 it follows 
that v is null, whence, up to a Lorentz transformation, we can let v = e + . 
The Clifford relation 7+7- + 7-7+ = 2 now says that 7+ has rank 8. The 
rest of the proof now proceeds as in [201 §6.2]. 
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Indeed, let U be a complementary subspace to W, so that S + = W © U. 
Relative to this split, the symmetric bilinear form (3 on S+, defined by 

P(ei,e 2 ) = ei7-£2 , 

has the following matrix 



where A : U — > W, A 1 : W — > U and B :U — > U are linear maps. We know 
that this matrix has rank 8, since 7_ has rank 8. As in [201 §6.2], we will 
now estimate the maximal possible rank of [3 in terms of the dimension of 



The kernel of (3 consists of w + u 6 W © U such that Au = and 
A t w + Bu = 0. Notice that dimC/ < dimVF, whence rank A < dimC/. In 
the case of maximal rank, the only solution of Au = is u = 0. In this 
case the kernel of j3 consists of w + with w £ ker A 1 . In other words, 
the dimensions of the kernels of f3 and of A 1 agree. Since A t and A have 
the same rank, A 1 is onto, whence its kernel has dimension dim W — dim U. 
Therefore the rank of (3 is at most 16 — dim W + dim U = 2 dim U; but we 
know that the rank of (3 is 8, whence 8 < 2 dim U or dim U > 4. This means 
that if dim U < 4 (equivalently, if dim W > 12) no such v can exist and the 
squaring map $ is surjective. 

Therefore we conclude that if v > | then the (local) homogeneity is 
directly due to the supersymmetry. It is still an open question whether this 
is necessarily the case for homogeneous backgrounds with i < v < |. 



We now tackle the case of type IIB supergravity backgrounds. Due to the 
proliferation of fields, this is computationally more involved than the case 
of heterotic or M-theory backgrounds. We will find that, just as in eleven- 
dimensional supergravity [20] and in contrast with the heterotic case treated 
in $2j the critical fraction of supersymmetry above which (local) homogene- 
ity is guaranteed \ < u c < |. As in eleven-dimensional supergravity, the 
result could be sharpened further by the existence of a type IIB supergravity 
background with v = | and which is not locally homogeneous. 

In this section we will introduce the type IIB supergravity backgrounds 
and then construct their associated Killing superalgebra. We then show that 
the critical fraction for homogeneity obeys | < u c < | and compare our 
results with the few known solutions preserving that much supersymmetry. 

3.1. Supersymmetric IIB backgrounds. Type IIB supergravity [39 ^ 140 ^ 
HT) is the unique 10-dimensional chiral supergravity theory with 32 super- 
charges. It is also the field theory limit of type IIB superstring theory. 

The bosonic dynamical fields are a ten-dimensional lorentzian metric g, 
the dilaton (j>, the Ramond-Ramond (R-R) gauge potentials C^°\ and 
C^ 4 ) and the NS-NS 2-form gauge potential B. The axion and dilaton (f> 
combine into the axi-dilaton r = +ie~^ taking values in the upper half- 
plane. The theory has a global SL(2,R) classical duality symmetry under 
which g and are inert, whereas B and transform as a doublet, and 
r transform via fractional linear transformations on the upper-half plane. 




W. 



3. Type IIB supergravity backgrounds 
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The fermionic fields in the theory are often described as a complex chiral 
gravitino ip m and a complex antichiral axi-dilatino A. Under the global 
SL(2, R) symmetry, all fermionic fields transform by appropriate phases |42| 
|4"3] corresponding to a local SO (2) transformation. 

We are interested in bosonic backgrounds; that is, solutions of the theory 
where the fermions are set to zero. The equations of motion for the bosonic 
fields can be found by varying an SL(2,]R) invariant pseudoaction [Hj. To 
write it down, let us combine the potentials into the following fieldstrengths: 

H = dB 

G (D = dC W 

G (3) = dc (2) _ C (0) H 

G (5) = dC (4) _ l dB A C {2) + l dc (2) A B 

The RR potential is constrained so that is antiself-dual, in our 
conventions. In the string frame, we can write the pseudoaction as 

/iib = J d 10 x^{e-^ (i? + 4|#| 2 -±|#| 2 ) 

_1 (| G (l)|2 + | G (3)|2 + l| G (5)|2^j 

-\J A dC^ A dB . (6) 

The antiself-duality of must then be imposed by hand. 

When discussing supersymmetry it is convenient to think of the complex 
fermions as doublets of real fermions, since supersymmetry does not act 
complex linearly. Therefore the supersymmetry parameters will be taken to 
be an SO (2) doublet of real chiral spinors (ei, £2)- As a representation of the 
spin group, they transform as two copies of the chiral spinor representation 
S + . We will denote this representation by 8+ = S + © S+. Such a spinor 
is a Killing spinor of a bosonic type IIB background if the supersymmetry 
variations of the the fermionic fields vanish. (Those of the bosonic fields 
are automatically zero because in a bosonic background the fermions have 
been put to zero.) The variation of the gravitino gives rise to a differential 
equation, whereas the equation coming from varying the dilatino is algebraic. 
For type IIB supergravity, a spinor e = (ex, £2) is Killing if it satisfies \45\ 146] 

D m e := V m e + \H rnnp ^ np © A 3 e + = 

Pe := (d(f> + \H (8) A 3 + n) e = , 

where 

Q = © A 2 - G (3) © Ai + iG (5) © A 2 ) , (8) 

and 

Q = -f m n-/ m = ^G^ ® Ai - G« ® A 2 ) , 

where the 2x2 matrices A a , given by Ai = 01, A2 = i(?2 and A3 = 03 span 
s((2,]R). Note that in both D m and P we have isolated the terms Q, and 
coming from the RR fields, which as we will see below is a useful dintinction 
to make. 
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Since the equations denning the Killing spinors are linear, the Killing 
spinors generate a real vector space, denoted gi, of dimension 32^, where v 
is the fraction of the supersymmetry preserved by the background. 

As in the case of heterotic backgrounds, an infinitesimal symmetry of a 
IIB background is a Killing vector which in addition to the metric, also leaves 
invariant the dilaton, the NS-NS 3-form H as well as the RR fields G^' for 
i = 1,3,5. If we let go denote the Lie algebra of infinitesimal symmetries 
relative to the restriction of the Lie bracket of vector fields, then in the 
next section we will prove the existence of a Lie superalgebra g = go © gi 
extending go- 

3.2. The Killing superalgebra. In this section we will do for type IIB 
backgrounds what was done in £12.21 for heterotic backgrounds. Namely, 
we will construct a Lie superalgebra on the vector superspace = 0o © 01 
which extends the Lie algebra structure on go- The additional brackets 
on g are defined just as in the case of heterotic backgrounds: the bracket 
00 © 01 ~~ > 01 is the action of infinitesimal symmetries on Killing spinors 
given by the spinorial Lie derivative, whereas the bracket 0i <8>0i — > 0o is the 
squaring operation on spinors. As before, there are several things that need 
to be proven. First of all, we will show that the image of the squaring map 
is indeed in go; in other words, that the vector field obtained by squaring 
a spinor is Killing and in addition leaves all the other bosonic fields in 
the background invariant. Then we must also show that the Lie derivative 
of a Killing spinor along a Killing vector in go is again a Killing spinor. 
Finally, we must show that the Jacobi identities are satisfied. The (go, go, go) 
identity is precisely the Jacobi identity for the Lie bracket of vector fields on 
a manifold. Similarly, the (go>go>gi) and (go,gi,gi) identities follow from 
standard properties of the spinorial Lie derivative, as explained above and 
in [23 HO]. As usual, it remains to show that the (gi,gi,gi) Jacobi identity 
holds, and this will be shown to be the case by calculation. 

3.2.1. Closure. Let e = (£i, £2) be a IIB Killing spinor. Let K be the vector 
field obtained by squaring this spinor; that is, 

K := £7 £ = £17 £i+£27 £2 • 

We will show that K £ go; that is, it is a Killing vector which leaves invariant 
all the bosonic fields in the background. These results can be read off from 
the results of [IB], but we record them here for completeness. 

Differentiating K, using the differential Killing spinor equation and sim- 
plifying using the Clifford algebra, we find 

V m K n = V m £7 n £ + £7 n V m £ 

= - \H mnp K p + £(7 m Sl*7„ - 7 n Sl7 m )£ , 

where VI* is the symplectic adjoint of £1. It follows from equation (|14|) . that 
Cl* = fi, whence 

V m K n = -\H mnv K v + £(7 m ^7 n - 7„^7 m )£ = -V n K m , (9) 
showing that K is a Killing vector. 
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To show that K preserves the dilaton, we use dilatino Killing spinor equa- 
tion Pe = 0. Indeed, 

ePe = e [d4> + \H <g) A 3 + O) e 
= ed(/)s 

= K m d m 4> , 

where in the second line we have used the fact that H <g> A3 and $7 are 
symplectically self-adjoint, and that for such an endomorphism A, 

eAe = Aee = —eAe =^ eAe = . 

Therefore we conclude that K m d m 4> = and hence that K preserves the 
dilaton. 

To show that K preserves the axion C^°\ we must show that K m d m C^ = 
0. To do this we again use the dilatino Killing spinor equation, but we first 
multiply it by A2: 

e\ 2 Pe = e (d(j> <g> A 2 - \H ® Ai + ±e^G (3) ® A 3 + e*G (1) ) e 

= S>eG^e , 

where the other terms vanish because of the self-adjointness of the endomor- 
phisms d(J) <g> A2, H <g) Ai and G^ <g> A3. Therefore irG^ = 0, which says 
that K m d m C^ = as desired. 

To show that K preserves H, let us introduce the vector field L defined 

by 

L m -.= e{i n ® A 3 )e . 
Differentiating L, using the differential Killing spinor equation and simpli- 
fying using the Clifford algebra, we find 

V m L n = V m e(7„ ® A 3 )e + e{^ n (g> A 3 )V m e 

= -\H mnp K p + e (jm^(7n ® A 3 ) - (7„ ® A 3 )^7 m ^) e , 

where we have used that £1* = £1. Noticing that fiA 3 = — A 3 r2, we can 
rewrite this as 

V m L n = -\H mnp K p + e (7 m ^(7n ® A 3 ) + 7„f2(7 m ® A 3 j e . 
Antisymmetrizing, we find 

^ 1 mJ-»n ^ ' nl j m — H mn pK P , 

which in the language of differential forms becomes 

i K H = -dL . (10) 

Since dH = 0, this shows that ££rPI = 0. 

Similar but more involved calculations, which have thus been relegated to 
Appendix[Bl show that K also preserves G^ and G^ . Therefore K £ go- 

The proof that the Lie derivative of a Killing spinor along an infinitesimal 
symmetry K E go is again a Killing spinor is basically the same as the one 
for the heterotic backgrounds: it uses equation © and the fact that K 
preserves the other fields in the background to deduce that 

££ K D x e = Dx^kb + D [KtX] e, 
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whence if e satisfies the differential Killing spinor equation so does Jz?a'£- 
Similarly, since P is invariant under K, if £ obeys the algebraic Killing spinor 
equation, Pe = 0, then so does ££k&- In summary, J£k£ is again a Killing 
spinor. 

3.2.2. The Jacobi identities. We now turn our attention to proving the Ja- 
cobi identities. As usual, all Jacobi identities except for the (fli,0i,0i) 
identity follows from general geometric principles. For the remaining Ja- 
cobi identity, we have to calculate. Polarising this identity, we see that it is 
enough to show that for all e 6 Qi, 

= , (11) 

where K m = ~e^ m E. We prove this now. 
The spinorial Lie derivative is given by 

& K e = K m V m s + \V rn K nl mn e . 

We now use the differential Killing spinor equation in order to express V m £ 
in terms of algebraic operations on the spinor: 

V m £ = -\H mnp -) np <g) A 3 e - n-f m £ , 

and equation © for V m K n . Using the Clifford algebra and simplifying, we 
arrive at 



Breaking e = (£1,62) into components and expanding K m = e^ m e, the 
independent terms become 



(12) 



ie 9 

8 e 



/-|i? mn p£i7 m £l7 np £i\ 

V \H m n P E 2 i m e2l np e2) 

Expanding the RR-terms and using that £i^ m £i^m^i = for i = 1, 2, we 
obtain 

-ei7 m £iG-7m£ 2 + £27nG+ 7m ei7 mn eA 

^27 m e2G + 7m^l+£27nG + 7m£l7 mn e2 J ' 

where G ± = ± + \G^ . This can be simplified further using the 
Fierz identity 

- ai7mG (fe) 7 n a 27 mn ai + ai7maiG (fc) 7 m a 2 

= (10 - 2k) (aiG (fc) a 2 ai - ^ai7 m ai7 m G (fc) a 2 ) , 

for any two positive chirality spinors cti, which is proved in Appendix ICl as 
equation (|20p . Indeed, using this identity we first of all see that the terms 
involving the RR 5-form vanish identically, whereas the rest becomes after 
some simplification 



% (IG( 3 ) - G«) sis, - le^eilm {\G^ - G«) e 2 N 
K e 2 (\G® + GW) e 1 e 2 - \e2l m E2lm (|G® + GW) e h 



(13) 
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We simplify this further using the algebraic Killing spinor equation, which 
in components reads 

e ^l G (3)_ G (l)) £2 = _(l H + # ). £l 

e <t> |l G (3) +G (l)j £l = (l ff _ # ). £2 . 

Performing the substitution and after some simplification, the expression in 
(fTB"]) becomes 

-£l#£l£i + i£i7 m £i7 m (i(/>£i + |£i7 m £i7 m i?£i 

-£ 2 #£ 2 £2 + 5£27 m e27m^£2 - i£27 m £27m-H£2 

It is easy to see that the dilaton-dependent terms vanish. Indeed, for any 
positive-chirality spinor a, 

—adipaa + ^aj m a^ m d(j)a = , 

using the Clifford algebra in the second term, together with the identity 
a~f m aj m a = 0. Adding the contribution in equation (fT2|) to the remaining 
terms, we find 

/ £i7 m £i7m-ft£i - £i7 m £i-£Wp7™ P £i \ 

4Jf K £ = 

\ v -£ 2 7 m £27m#£2 - £2^ m £2H mnp j np e 2 J 

which is again seen to cancel after using the Clifford algebra and the identity 
ea m ea m Ei = for i = 1, 2. 

3.3. Homogeneity of IIB backgrounds. In this section we consider the 
fraction v c of supersymmetry above which local homogeneity is guaranteed. 
The classification [6] of maximally supersymmetric solutions and the nonex- 
istence of preonic solutions [7] puts v c < j|. In this section we will show 
that just as in eleven-dimensional supergravity v c < |. Indeed, we will show 
that if v > | then the background is locally homogeneous. In other words, 
we will show that at every point p € M, there is a basis for T p M made out of 
vectors from [gi, 0i]. The proof is virtually identical to that of the heterotic 
backgrounds. 

Let us fix a point p G M once and for all. The fibre of the spinor bundle 
at p can be identified with the chiral spinor representation S + , whereas the 
values at p of the Killing spinors define a subspace If C §+. The squaring 
map defines a map $ : W ® W — > T p M and we would like to show that 
this map is surjective for W of sufficiently high dimension. To show that $ 
surjects onto T p M, it is enough to show that the perpendicular complement 
of its image vanishes. A tangent vector v G T p M is perpendicular to the 
image of $ if and only if for every £i, £2 G W, 

v m eij m e 2 = . 

In other words, Clifford multiplication by v maps W to a subspace of §_ 
which corresponds to its annihilator W° under the natural isomorphism 
SL = explained in Appendix [Aj The existence of the cohomogeneity-one 
^-BPS D3-brane background shows that, if there is a critical dimension for 
W above which <3? surjects, this dimension is > 8. Therefore without loss of 
generality we take dimVF > 16. Since dimVF + dimlf = 32, it follows that 




KILLING SUPERALGEBRA OF TEN-DIMENSIONAL BACKGROUNDS 13 



dimM^ < 16 and hence the map W — > W° defined by the Clifford action 
of v has nontrivial kernel for dimensional reasons. Since v 2 = \v\ 2 it follows 
that v is null, whence, up to a Lorentz transformation, we can let v = e+. 
The Clifford relation 7+7_ + 7-7+ = 2 now says that 7+ has rank 8. The 
rest of the proof now proceeds as in [20\ §6.2] or as in § 12.31 

Indeed, let U be a complementary subspace to W, so that S + = W © U. 
Relative to this split, the symmetric bilinear form (3 on S+, defined by 



where A : U — ► W, A t : W — > U and B : U — > U are linear maps. We know 
that this matrix has rank 16, since 7_ has rank 16. As in [201 §6.2], we will 
now estimate the maximal possible rank of f3 in terms of the dimension of 



The kernel of (3 consists of w + u S W © U such that Au = and 
A t w + Bu = 0. Notice that dim £7 < dimVl^, whence rank A < dimU. In 
the case of maximal rank, the only solution of Au = is u = 0. In this 
case the kernel of (3 consists of w + with w £ ker A 1 . In other words, 
the dimensions of the kernels of f3 and of A 1 agree. Since A 1 and A have 
the same rank, A 1 is onto, whence its kernel has dimension dim W — dim U. 
Therefore the rank of (3 is at most 32 — dim W + dim U = 2 dim U; but we 
know that the rank of (3 is 16, whence 16 < 2 dim U or dim U > 8. This 
means that if dim U < 8 (equivalently, if dim W > 24) no such v can exist 
and the squaring map $ is surjective. 

As in the case of eleven-dimensional supergravity, all known IIB back- 
grounds with v > ^ are homogeneous, whence were it not for the above 
result, an empirically reasonable conjecture might be that v c = \. One way 
to settle this (albeit negatively) would be the existence of a IIB background 
admitting 24 supercharges which is not locally homogeneous. To date no 
such background has been found. 

Indeed, type IIB backgrounds with 24 supersymmetries have been given 
in [471 H51 |4*9| [50] 151] . In [17] a 24 supersymmetric background was con- 
structed by discrete quotients of the maximally supersymmetric pp-wave 
|27j . However, the resulting background inherits the homogeneity. In [3S] 
(see also [13 EH]) a homogeneous pp-wave with 24 supersymmetries is given 
that can be obtained as a Penrose limit of a D3/D3 intersection. Only the 
5-form is turned on, but it has a different structure to the maximally su- 
persymmetric one. In [51j there are two families of homogeneous pp-waves 
with 24 supersymmetries. 

The above examples are all homogeneous plane waves. The homoge- 
neous plane-wave metrics are classified in [52]. It is proven in [53j §3.1] that 
eleven-dimensional plane waves admitting more than 16 supersymmetries 
are automatically homogeneous. Their argument is in fact more general and 
it is not hard to modify it to show that IIB plane waves with more than 16 
supersymmetries are homogeneous too. 



(i{ei,£ 2 ) = £i7-£2 



has the following matrix 




W. 
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4. Conclusion 

In this paper we have constructed the Killing superalgebra for supersym- 
metric heterotic and type IIB backgrounds and have shown that it is indeed 
a Lie superalgebra, extending the similar result in the eleven-dimensional 
case. We have also shown that any heterotic background with more than 
8 supersymmetries is locally homogeneous. Our proof uses the knowledge 
of the possible holonomy groups of the metric connection with torsion ap- 
pearing in the differential Killing spinor equation. This is a result which is 
missing in the case of IIB supergravity, whence in this case we have to ar- 
gue, as was done in [20] for eleven-dimensional supergravity, that the Killing 
vectors constructed from the Killing spinors act locally transitively provided 
that the background has more than 24 supersymmetries. The same method 
of proof would also show that at least 13 supersymmetries are needed in 
the case of heterotic supergravity. Since as we now know this result is sub- 
optimal, it suggests that our proof for type IIB is not yielding a sharp result 
and that the critical fraction for (local) homogeneity is actually lower than 
|. The same could be said about eleven-dimensional supergravity, of course. 
Were it not for these results, the available evidence would suggest that the 
critical fraction is actually v c = ^. 

What about other ten-dimensional supergravities? Type I is formally 
identical to the heterotic case, but ignoring the gauge fields. In particular, 
since the differential Killing spinor equation is the same, it is easy to see that 
the same results apply: local homogeneity is guaranteed for backgrounds 
admitting more than 8 supersymmetries. 

The type IIA results follow from those in [20] and show that 24+ im- 
plies local homogeneity. Indeed, a 24+ IIA background oxidises to a 24+ 
background of eleven-dimensional supergravity, which we know is locally ho- 
mogeneous. The eleven-dimensional geometry is the total space of a locally 
trivial fibre bundle over the IIA geometry. The Killing spinors of the eleven- 
dimensional supergravity background obtained via oxidation are constant 
on the fibres, whence so are the Killing vectors obtained by squaring them. 
We know that these act locally transitively and therefore their push-downs 
to the base also act locally transitively. This shows that the IIA background 
is locally homogeneous. 
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Appendix A. Spinors in 9 + 1 dimensions 

In this appendix we set our spinorial conventions and record a number of 
results which are used repeatedly throughout the paper. 

We work in signature (9, 1) with a mostly plus metric. The Clifford prod- 
uct is such that x ■ x = +\x\ 2 , whence we are working with C£(9, 1). We let 
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7 m denote the corresponding gamma matrices, obeying 

Ira In + Inlm = +^Vran , 

with r] mn the mostly plus lorentzian inner product. As a real associative 
algebra, C£(9, 1) = Mat (32, R), whence there is a unique irreducible Clifford 
module S, which is real and of dimension 32. Under Spin(9, 1), it decomposes 
as a direct sum 5 = S + © 5_ of the (±l)-eigenspaces of the volume form u, 
which obeys u> 2 = 1. 

The natural invariant spinor inner product on S is symplectic, relative 
to which S± are lagrangian subspaces. Therefore as representations of 
Spin(9, 1), S + and S- are naturally dual. The spin group acts on them 
with determinant one, but preserves no nondegenerate bilinear form [54j . 
We will write this inner product as 

(El, £2) := £\Cei = E\E2 , 

for £j E S, where C is the charge conjugation matrix, which is antisymmetric. 
The action of the Clifford algebra is such that 

(7m£l,£2) = - (£l,7m£2) ) 

or, equivalently, C^ m = —rf m C. It follows from this property that the 
symplectic form is invariant under the spin group. 

As representations of the spin group, the tensor square S® 2 of the spinor 
representation is isomorphic to the exterior algebra of the vector represen- 
tation. In particular, for the chiral spinor representation S+, we find 

5+ ® 5+ = A 1 © A 3 © A+, 

of which the symmetric part is Sym 2 S+ = A 1 © A^_ and the skewsymmetric 
part A 2 5+ = A 3 . Globalising on a manifold, we obtain a "squaring" map 
from spinor fields to differential forms. Hence squaring a chiral spinor field 
£ we obtain a 1-form K and a self-dual 5- form S, defined explicitly by 

K m — E rs ( m E 

"mi...rri5 — ^Tmi-.-ms^ ■ 

Under the Clifford product, these forms annihilate the spinor e. This can be 
shown directly via Fierzing or equivalence via the following representation- 
theoretic argument. The stabilizer G £ < Spin(9, 1) of a nonzero chiral spinor 
£ is isomorphic to Spin(7) x M 8 , where in terms of Lorentz transformations, 
the M 8 subgroup consists of null rotations around a lightlike direction. This 
subgroup (or a slight variant in eleven dimensions) has been explained in 
detail in [37]. Because the forms K and S are constructed out of e, the 
stabilizer G £ also leaves them invariant. The invariant forms under G £ are 
easily determined from the results in Appendix A], by ignoring the ninth 
spatial direction eg. We see that there is an invariant 1-form which is null 
and is precisely the one along which the null rotations are defined. In our 
notation, this is the one-form K. Under a typical such null rotation in the 
Lie algebra of G £ , K m ji~/ m E = 0, where i is a spacelike direction orthogonal 
to K. Since 7, is invertible, it follows that K m -f m £ = 0. Similarly, the self- 
dual 5-form takes the form S = K A with $ a Cayley 4-form, and thus 
the Clifford product S • e = because K ■ e = 0. 
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In IIB supergravity, the relevant spinor representation is isomorphic to 
two copies of S + , denoted S + := S + © 5+ in this paper. The invariant 
symplectic structure on S extends trivially to § = S © S, relative to which 
S_l_ and §_ := S- © S- are complementary lagrangian subspaces and hence 
naturally dual. There is natural action of Spin(9, 1) x GL(2,R) on §+, 
where Spin(9, 1) acts separately on each summand and GL(2,R) acts in the 
obvious way on pairs of spinors, but only Spin(9, 1) x 0(2) preserves the 
symplectic structure. The classical duality group SL(2, R) acts via local 
SO (2) transformations. 

Many of the calculations performed in this paper require working out 
the symplectic adjoint of operators acting on S. These operators are a 
mixture of the Clifford and 0[(2,R) actions on §. Typically they will be 
linear combinations of the monomials of the form ip © A, where ip is a p-form 
and A a 2 x 2 matrix. The symplectic adjoint ip* of a p-form obeys 

whereas the adjoint of a 2 x 2 matrix A is its transpose. This allows us to 
compute easily the symplectic adjoints of many of the terms which appear 
in the Killing spinor equations. Let Ai = <ti, A2 = 102 and A3 = 03, and 
let G^ p \ p = 1,3,5, be the RR p-form fieldstrengths. Then for the terms 
appearing in the Killing spinor equations we have 

© A 2 )* = ©A 2 

(g( 3 )©a 1 )* = g( 3 )©a 1 
(g( 5 )©a 2 )* = g( 5 )©a 2 

(H © A 3 )* = H © A 3 , 

whence ft* = ft and ft* = ft. 

Appendix B. K preserves G® and G^ 5 ' 

In this appendix we show that ££kG^ = and J£kG^ = 0, where 
K m = e^ m e is the Killing vector obtained by squaring a Killing spinor 
e. In the main text we have already shown that K preserves H and the 
axi-dilaton. 

To prove that H preserves and we will use identities derived 

in [16] for the differential forms constructed out of a Killing spinor. Let us 
define the following differential forms: 

where e = (ei, e 2 ). In this language, the Killing vector is K = k\\ + fc 22 and 
the vector L introduced in £ )3.2. H is given by L = k\\ — /c 22 . We will use the 

notation S := ^ + £22 an< ^ ® := £11 — £22 '• ^ s explained in Appendix [Al 
the 1-forms and 5-forms are symmetric under i «-> j, whereas the 3- form is 
antisymmetric. 
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The following identity is a direct consequence of the differential Killing 
spinor equation [56] : 

(dk 12 ) mn = \H rs \ m {$) n]ra + \e+ (i K G® + » (8)S ) . (15) 

We can manipulate this identity using the algebraic Killing spinor equation. 
In particular, the identity £^f mn <g> AiPe = yields 

2k l2 A # + e^L A G« - (^.[m^n]™ + |e*i G( 3)S - |eV<3 (3) = , 
which can be inserted into (|15p to yield 

dk 12 = —Asia A # - ^e*L A G (1) + \eh K G^ , 
or, equivalently, 

2d(e-*k 12 ) = —L A G (1) + z^G {3) . 

Differentiating again, we see that 

d(*A-G^) = dLAG^ . 

On the other hand, using the definition of G^ and the fact that ikG^ = 0, 
we also have 

i K dG {z) =i K (H A G (1) ) = i K H A G (1) = -d£ A G (1) . 
Combining the two results, we see that 

% K G^ = iKdG® + di K G^ = . 
For G< 5 > we follow a similar procedure. The differential equation for the 

(3) 

3-form ^ 2 arising from the differential Killing spinor equation is 

(dZ < §)mn Pq = (*Gd)S - *kG^ + ±L A G® - Gf s } m e np9] rs ) 

+ f fei2 A H + H rs [ m (^) npq ] rs . 

We can simplify this using the algebraic Killing spinor equation. Indeed, 
the equation e^mnpq ® ^ 2 Ps = can be used to rewrite the above equation 
as 

c^g) = k X2 A H + 6<f> A + \ e<i>L A g(3) ~ I^ikG^ . 

(3) 

Differentiating and resubstituting the expressions for d£ 12 an d dk\ 2 , gives 

dL A G^> - d(t K G®) + i K G® A H = . 

Now, we also have 

i K dG {5) — ik(H A G (3) ) = -dL A G (3) —HA i K G {z) , 

where we have used (TTOl) to replace Combining the above two equations 

gives 

^kG (5) = i K dG {5) + di K G {5) = . 
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Appendix C. A Fierz identity 

Let S = S + © S- denote the unique irreducible spinor module of C£(9, 1). 
As recalled in Appendix [A] it is real, symplectic and of dimension 32. Any 
two nonzero spinor s a, (3 £ S define a rank-1 endomorphism a <8> j3 : S — > S 
by 

(a® = (fie)a . 

Since C^(9, 1) = End(£), there is a unique element of G£(9, 1) corresponding 
to this endomorphism. Taking traces, it is not difficult to derive the following 
expression for this element: 

10 
fc=0 

where we have an implicit summation over the indices and where -y ai '" a k 
is equal to the identity for k = 0. We will need the special case of this 
identity when a, (5 have definite chirality. 

We record here two useful Clifford identities. Firstly, the Clifford product 
of a p-form 9 and the volume form u defining the notion of chirality is given 

by 

e-io = (-i)p(p- 1 )/ 2 *^ , (17) 

where *9 is the Hodge dual defined by 

9 a*0 = \6\ 2 lo . 

Similarly, for 9 a p-form, 

7 m #7m = (-l) p (lO-2p)0 . (18) 

Using identity (|17p , we may derive a master Fierz identity for three spinors 
ati, i = 1,2,3, with definite chiralities XiiX2,X3> with \2 = ~Xi'- 

5 

(uia 2 )a 3 = 5i^ ™(xiX3)^ (aiTci-^aa) j cv " Cn a 2 , (19) 

n=0 

where the coefficients o n (xiX3) are determined as follows 



n 


a n(±±) 


a n(±=p) 








2 


1 


2 





2 





-2 


3 


-2 





4 





2 


5 


1 






Finally, we use this to derive an identity used in §3.2.21 to prove the Jacobi 
identity for the Killing superalgebra. 
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Let a± } 2 be two positive-chirality spinors and let G^ be an £;-form, where 
k is odd. Then the following identity holds 

£i7 m G (fc) 7n£27 nm £i + e llm e 1 G^ k h m e2 

= _(_l)fc(10-2A ; )(e 1 GW e2ei + ie 1 7 m ei7 m G^ 2 ) . (20) 

To prove this identity, we begin by fierzing e\^ m G l ^^n^2 r f l l' m ^\- We do 
this by using the master Fierz identity (fTTJj) with oi\ = £ij m , a 2 = G^^ n £2 
and 03 = 7 n 7 m £i. Notice that in this case, xi = X3 = +1> whence 

£i7 m G( fc ) 7 n^7 n 7 m ^i = ^i7m7 n 7 m £iG (fc) 7n£2 

- ^ei7m7 w 7 n 7 m £i7 w G'( fc )7ne2 + ^e^^^e^G^^ • 

The third term gives zero using the trace identity (|18[) for a 5-form and the 
fact that e^^'ei = because of symmetry. For the same reason, the only 
contribution from the second term comes from the contraction of -y n with 
7 P q in the spinor inner product. Using the trace identity (fTHl) again, we 
arrive at 

£i7mG W 7n£27 n 7 m £i = -^a^iG^V^ + ^i7 m £i7 mn G (fc) 7n£2 • 
Using the Clifford algebra and the trace identity (|18|) once more we arrive 
at the desired identity. 
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